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Abstract
Let Ai, i = 1, . . . , 4, be compact operators on a complex separable Hilbert space. We
show that√
2sj
(∣∣A1A∗2 + A3A∗4∣∣1/2)  sj ([A1 A2A3 A4
])
for j = 1, 2, . . .. From this we derive norm inequalities, and investigate conditions for
equality.
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1. Introduction
Let A be a Hilbert space operator. Denote by s1(A), s2(A), . . ., the singular values
of A, that is the eigenvalues of the operator |A| = (A∗A)1/2, arranged in decreasing
order and repeated according to multiplicity. Let ‖| · ‖| denote any unitarily invariant
norm, i.e., a norm with the property that ‖|UAV ‖| = ‖|A‖| for all A, and for all
unitary U , V .
For 1  p < ∞, the Schatten p-norm, denoted by ‖ · ‖p, is a unitarily invariant
norm defined on the class of operators for which ‖A‖p is a finite real number. This
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norm is defined by ‖A‖p =
(∑∞
j=1 s
p
j (A)
)1/p
. By convention, ‖A‖∞ stands for the
spectral norm of the operator A. For simplicity this norm is denoted by ‖A‖ and when
A is compact we have ‖A‖ = s1(A). For the theory of unitarily invariant norms we
refer the reader to [2,6,11].
The direct sum of A and B, denoted by A ⊕ B, is defined to be the 2 × 2 operator
matrix
[
A 0
0 B
]
. We have ‖|A ⊕ B‖| = ‖|B ⊕ A‖| = ‖|A∗ ⊕ B‖| for every unitarily
invariant norm.
For positive operators A and B Davidson and Power, in their work on best approx-
imation in C∗-algebras (see Lemma 3.3 in [5]), proved that
‖A + B‖  max(‖A‖, ‖B‖) + ‖A1/2B1/2‖. (1.1)
Kittaneh [8, Corollary 1] gave an extension of the inequality (1.1). This asserts
that if A and B are positive operators, then
‖|(A + B) ⊕ 0‖|  ‖|A ⊕ B‖| + ‖|A1/2B1/2 ⊕ A1/2B1/2‖| (1.2)
for every unitarily invariant norm. In a recent work (Theorem 2.2 in [9]), Kittaneh
generalizes his earlier work: if A1, A2, B1, B2, X and Y are operators, then
2‖| (A1XA∗2 + B1YB∗2 )⊕ 0‖|

∣∣∣∣∣∣∣∣∣∣∣∣[ |A1|2X + X|A2|2 A∗1B1Y + XA∗2B2B∗1A1X + YB∗2A2 |B1|2Y + Y |B2|2
]∣∣∣∣∣∣∣∣∣∣∣∣ (1.3)
for every unitarily invariant norm.
In this paper we prove some general inequalities from which (1.2) and (1.3) follow
as corollaries. In Section 2 we prove inequalities for singular values from which we
derive norm inequalities in Section 3. Conditions for equality are investigated in
Section 4.
2. Singular value inequalities of operators
The following lemma was proved in [4].
Lemma 2.1. Let A and B be operators. Then
2sj (AB∗)  sj (|A|2 + |B|2)
for j = 1, 2, . . .
Using this we get the following result.
Theorem 2.1. Let Ai, i = 1, . . . , 4, be operators. Then
√
2sj (|A1A∗2 + A3A∗4|1/2)  sj
([
A1 A2
A3 A4
])
for j = 1, 2, . . .
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Proof. On H ⊕ H define A =
[
A1 A3
0 0
]
and B =
[
A2 A4
0 0
]
. Then
AB∗ = (A1A∗2 + A3A∗4) ⊕ 0 (2.1)
and
|A|2 + |B|2 =
[ |A1|2 + |A2|2 A∗1A3 + A∗2A4
A∗3A1 + A∗4A2 |A3|2 + |A4|2
]
. (2.2)
It follows, from (2.1), (2.2) and Lemma 2.1, that
2sj (A1A∗2 + A3A∗4)  sj
([ |A1|2 + |A2|2 A∗1A3 + A∗2A4
A∗3A1 + A∗4A2 |A3|2 + |A4|2
])
(2.3)
for j = 1, 2, . . . Since[ |A1|2 + |A2|2 A∗1A3 + A∗2A4
A∗3A1 + A∗4A2 |A3|2 + |A4|2
]
=
∣∣∣∣[A1 A2A3 A4
]∣∣∣∣2 ,
we have
sj
([ |A1|2 + |A2|2 A∗1A3 + A∗2A4
A∗3A1 + A∗4A2 |A3|2 + |A4|2
])
= s2j
([
A1 A2
A3 A4
])
(2.4)
for j = 1, 2, . . . Now the result follows, from (2.3) and (2.4). 
Remark. Theorem 2.1 implies that
2sj (A∗B + B∗A)  s2j
([
A B
B A
])
(2.5)
for j = 1, 2, . . . This has been observed in a weaker form in [10, Theorem 1].
In the proof of Lemma 1 in [10], Kittaneh has pointed out that
[
A B
B A
]
and[
A + B 0
0 A − B
]
are unitarily equivalent. Using this together with (2.5) we obtain
the following.
Corollary 2.1. Let A be an operator. Then
sj (Re(A2))  sj ((Re(A))2 ⊕ (Im(A))2)
for j = 1, 2, . . .
The following lemma easily proved.
Lemma 2.2. Let A be self-adjoint. Then ±A  |A|.
The following result presents our promised generalization of the inequality (1.2).
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Theorem 2.2. Let A and B be positive operators and let f and g be nonnegative func-
tions on [0, ∞) which are continuous and satisfy the relation f (t)g(t) = t for all t ∈
[0,∞). Then 2sj (A + B)  sj ((f 2(A) + g2(A) + |g(B)f (A) + f (B)g(A)|) ⊕
(f 2(A) + g2(A) + |g(B)f (A) + f (B)g(A)|)) for j = 1, 2, . . .
Proof. In Theorem 2.1, let A1 = f (A),A2 = g(A),A3 = g(B) and A4 = f (B).
Then
√
2sj ((A + B)1/2)  sj
([
f (A) g(A)
g(B) f (B)
])
for j = 1, 2, . . .. Consequently,
2sj (A + B)  sj
([
f 2(A) + g2(A) f (A)g(B) + g(A)f (B)
g(B)f (A) + f (B)g(A) f 2(B) + g2(B)
])
(2.6)
for j = 1, 2, . . .. By Lemma 2.2, we have[
0 f (A)g(B) + g(A)f (B)
g(B)f (A) + f (B)g(A) 0
]

[|g(B)f (A) + f (B)g(A)| 0
0 |f (A)g(B) + g(A)f (B)|
]
. (2.7)
The theorem follows from the inequalities (2.6) and (2.7). 
Applying Theorem 2.2 to the functions f (t) = g(t) = t1/2 we get the following
extension of the inequality (1.2).
Corollary 2.2. Let A and B be positive operators. Then
sj (A + B)  sj ((A + |B1/2A1/2|) ⊕ (B + |A1/2B1/2|))
for j = 1, 2, . . .
3. General norm inequalities
The norm inequalities given in this section are mainly based on the following
lemma, which may be found, e. g., in [7].
Lemma 3.1. Let A, B and X be operators. Then 2‖|AXB∗‖|  ‖||A|2X + X|B|2‖|
for every unitarily invariant norm.
Let A, B, X and Y be operators. Denote by δA,B(X, Y ) the operator δA,B(X, Y ) =
AX + YB. From Lemma 2.1, we can derive the following norm inequality.
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Theorem 3.1. Let Ai, Bi,X and Y, i = 1, · · · , 4, be operators. Then
2
∣∣∣∣∣∣∣∣∣∣∣∣[A1XA∗2 + B1YB∗2 A1XA∗4 + B1YB∗4A3XA∗2 + B3YB∗2 A3XA∗4 + B3YB∗4
]∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣[ δ|A1|2+|A3|2,|A2|2+|A4|2(X,X) δA∗1B1+A∗3B3,A∗2B2+A∗4B4(Y,X)δB∗1 A1+B∗3 A3,B∗1 A1+B∗3 A3(X, Y ) δ|B1|2+|B3|2,|B2|2+|B4|2(Y, Y )
]∣∣∣∣∣∣∣∣∣∣∣∣
for every unitarily invariant norm.
Proof. On H ⊕ H define A =
[
A1 B1
A3 B3
]
, B =
[
A2 B2
A4 B4
]
and Z =
[
X 0
0 Y
]
.
Then
AZB∗ =
[
A1XA
∗
2 + B1YB∗2 A1XA∗4 + B1YB∗4
A3XA∗2 + B3YB∗2 A3XA∗4 + B3YB∗4
]
(3.1)
and
|A|2Z + Z|B|2
=
[
δ|A1|2+|A3|2,|A2|2+|A4|2(X,X) δA∗1B1+A∗3B3,A∗2B2+A∗4B4(Y,X)
δB∗1 A1+B∗3 A3,B∗1 A1+B∗3 A3(X, Y ) δ|B1|2+|B3|2,|B2|2+|B4|2(Y, Y )
]
.
(3.2)
The theorem follows from (3.1), (3.2) and Lemma 3.1. 
Corollary 3.1. Let Ai, Bi,X and Y, i = 1, 2, be operators. Then
2‖|(A1XA∗2 + B1YB∗2 ) ⊕ 0‖|

∣∣∣∣∣∣∣∣∣∣∣∣[δ|A1|2,|A2|2(X,X) δA∗1B1,A∗2B2(Y,X)δB∗1 A1,B∗2 A2(X, Y ) δ|B1|2,|B2|2(Y, Y )
]∣∣∣∣∣∣∣∣∣∣∣∣
for every unitarily invariant norm.
Using the triangle inequality and Corollary 3.1 we obtain the following.
Corollary 3.2. Let Ai, Bi,X and Y, i = 1, 2, be operators. Then
2‖|(A1XA∗2 + B1YB∗2 ) ⊕ 0‖|
 ‖|δ|A1|2,|A2|2(X,X) ⊕ δ|B1|2,|B2|2(Y, Y )‖|
+ ‖|δA∗1B1,A∗2B2(Y,X) ⊕ δA∗1B1,A∗2B2(Y ∗, X∗)‖|
for every unitarily invariant norm.
A unitarily invariant norm is called a Q-norm, denoted by ‖| · ‖|Q, if there exists
another unitarily invariant norm ‖| · ‖|Q̂ such that ‖|A‖|2Q = ‖|A∗A‖|Q̂. Let A and B
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be operators belonging to the norm ideal associated with a Q-norm ‖| · ‖|Q and let
range A and range B be orthogonal. It follows, from Corollary 3.2, that
‖|(A + B) ⊕ 0‖|2Q  ‖|A ⊕ B‖|2Q + ‖|AB∗ ⊕ AB∗‖|Q̂. (3.3)
Equivalently,
‖|(|A|2 + |B|2) ⊕ 0‖|Q̂  ‖||A|2 ⊕ |B|2‖|Q̂ + ‖|AB∗ ⊕ AB∗‖|Q̂.
The inequality (3.3) has been established earlier by Kittaneh (see Proposition 2 in
[8]). For positive operators A and B Bhatia and Kittaneh [4, Remark 5] proved that
‖|(A − B) ⊕ 0‖|  ‖|A ⊕ B‖|. (3.4)
In [8, Corollary 1], Kittaneh proved that
‖|(A + B) ⊕ 0‖|  ‖|A ⊕ B‖| + ‖|A1/2B1/2 ⊕ A1/2B1/2‖|. (3.5)
The inequalities (3.4) and (3.5) are special cases of Corollary 3.2.
To prove our next theorem we need the following special case of a result of Ando
and Zhan (see Corollary 1 in [1]).
Lemma 3.2. Let A and B be positive operators. Then ‖|(A + B)1/2‖|  ‖|A1/2 +
B1/2‖| for every unitarily invariant norm.
Using Corollary 3.1 and Lemma 3.2 we can prove the following.
Theorem 3.2. Let Ai, Bi,X and Y, i = 1, 2, be operators. Then
√
2‖|(A1XA∗2 + B1YB∗2 ) ⊕ 0‖|
 ‖|(|δ|A1|2,|A2|2(X,X)| + |δB∗1 A1,B∗2 A2(X, Y )|)
⊕(|δ|B1|2,|B2|2(Y, Y )| + |δA∗1B1,A∗2B2(Y,X)|)‖|
for every unitarily invariant norm.
Proof. Let A = δ|A1|2,|A2|2(X,X), B = δ|B1|2,|B2|2(Y, Y ), C = δA∗1B1,A∗2B2(Y,X) and
D = δB∗1 A1,B∗2 A2(X, Y ).
Then∣∣∣∣∣∣∣∣∣∣∣∣[A CD B
]∣∣∣∣∣∣∣∣∣∣∣∣=
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
([
A∗ D∗
C∗ B∗
] [
A C
D B
])1/2∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
=
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
[ |A|2 + |D|2 A∗C + D∗B
C∗A + B∗D |B|2 + |C|2
]1/2∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
[
2(|A|2 + |D|2) 0
0 2(|B|2 + |C|2)
]1/2∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (3.6)
=√2‖|(|A|2 + |D|2)1/2 ⊕ (|B|2 + |C|2)1/2‖|
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
√
2‖|(|A| + |D|) ⊕ (|B| + |C|)‖|. (3.7)
The inequality (3.6) follows from the inequality[ |A|2 + |D|2 A∗C + D∗B
C∗A + B∗D |B|2 + |C|2
]

[
2(|A|2 + |D|2) 0
0 2(|B|2 + |C|2)
]
and the operator monotonicity of the function f (t) = t1/2, t ∈ [0,∞), while (3.7)
follows from Lemma 3.2. Now the theorem follows from (3.7) and Corollary 3.1. 
The following lemma was proved by Bhatia and Holbrook (see Theorem 1 in [3]).
Lemma 3.3. Let A and B be positive operators. Then |||A ⊕ B|||  |||(A + B) ⊕ 0|||
for every unitarily invariant norm.
Using this we can prove the following.
Theorem 3.3. Let Ai and Bi, i = 1, 2, be operators. Then
2‖|(A1A∗2 + B1B∗2 ) ⊕ 0‖|
 ‖|(|A1|2 + |A2|2 + |B∗1A1 + B∗2A2|)
⊕(|B1|2 + |B2|2 + |A∗1B1 + A∗2B2|)‖|
 2(‖|(|A1|2 + |B1|2) ⊕ 0‖| + ‖|(|A2|2 + |B2|2) ⊕ 0‖|)
for every unitarily invariant norm.
Proof. It follows, from Corollary 3.1, that
2‖|(A1A∗2 + B1B∗2 ) ⊕ 0‖| 
∣∣∣∣∣∣∣∣∣∣∣∣[ |A1|2 + |A2|2 A∗1B1 + A∗2B2B∗1A1 + B∗2A2 |B1|2 + |B2|2
]∣∣∣∣∣∣∣∣∣∣∣∣ . (3.8)
Also, by Lemma 2.2, we have[ |A1|2 + |A2|2 A∗1B1 + A∗2B2
B∗1A1 + B∗2A2 |B1|2 + |B2|2
]

[|A1|2 + |A2|2 + |B∗1A1 + B∗2A2| 0
0 |B1|2 + |B2|2 + |A∗1B1 + A∗2B2|
]
(3.9)
Since
[ |A1|2 + |A2|2 A∗1B1 + A∗2B2
B∗1A1 + B∗2A2 |B1|2 + |B2|2
]
is positive, the first inequality of the theo-
rem follows from (3.8) and (3.9). Using Lemma 3.1 and the triangle inequality, we
have
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‖|(B∗1A1 + B∗2A2) ⊕ (A∗1B1 + A∗2B2)‖|
 ‖||A1|2 ⊕ |B1|2‖| + ‖||A2|2 ⊕ |B2|2‖|. (3.10)
The second inequality of the theorem can be proved using the triangle inequality,
Lemma 3.4 and the inequality (3.10). 
4. Equality case for the Schatten p-norm
The following lemma was proved by Kittaneh [7].
Lemma 4.1. Let A and B be operators and let 1 < p < ∞. Then 2‖AB∗‖p =
‖|A|2 + |B|2‖p if and only if |A| = |B|.
From Theorem 2.1 and Lemma 4.1 we get the following.
Lemma 4.2. Let Ai, i = 1, . . . , 4, be operators and let 1 < p < ∞. Then
2‖A1A∗2 + A3A∗4‖p =
∥∥∥∥∥
∣∣∣∣[A1 A2A3 A4
]∣∣∣∣2
∥∥∥∥∥
p
if and only if |A1| = |A2|, |A3| = |A4| and
A∗1A3 = A∗2A4.
Proof. It follows, from the arguments used in the proof of Theorem 2.1 and Lemma
4.1, that 2‖A1A∗2 + A3A∗4‖p =
∥∥∥∥∥
∣∣∣∣[A1 A2A3 A4
]∣∣∣∣2
∥∥∥∥∥
p
if and only if |A| = |B|, where
A =
[
A1 A3
0 0
]
and B =
[
A2 A4
0 0
]
. Now, the required equality conditions follow,
since the equality |A| = |B| is equivalent to the equalities |A1| = |A2|, |A3| = |A4|
and A∗1A3 = A∗2A4. 
The following lemma is proved easily.
Lemma 4.3. Let A and B be positive operators such that A  B. Let 1  p < ∞.
Then ‖A‖p = ‖B‖p if and only if A = B.
Theorem 4.1. Let A and B be operators and let 1 < p < ∞. Then the following
three conditions are equivalent:
(a) 2p‖A2 − B2‖pp = ‖|A|2 + |A∗|2 + |BA∗ − B∗A|‖pp + ‖|B|2 + |B∗|2 +
|AB∗ − A∗B|‖pp.
(b) 2‖A2 − B2‖p = (‖|A|2 + |A∗|2‖pp + ‖|B|2 + |B∗|2‖pp)1/p + 21/p‖AB∗−
A∗B‖p.
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(c) A and B are normal, A and B have orthogonal ranges, and A∗ and B∗ have
orthogonal ranges.
Proof. We prove the equivalence of (a) and (c). The proof of the equivalence of (b)
and (c) is very similar. By Theorem 2.1 we have
2p‖A2 − B2‖pp
∥∥∥∥[|A|2 + |A∗|2 AB∗ − A∗BBA∗ − B∗A |B|2 + |B∗|2
]∥∥∥∥p
p
(4.1)
=
∥∥∥∥[|A|2 + |A∗|2 00 |B|2 + |B∗|2
]
+
[
0 AB∗ − A∗B
BA∗ − B∗A 0
]∥∥∥∥p
p

∥∥∥∥[|A|2 + |A∗|2 00 |B|2 + |B∗|2
]
+
[|BA∗ − B∗A| 0
0 |AB∗ − A∗B|
]∥∥∥∥p
p
(4.2)
=‖|A|2 + |A∗|2 + |BA∗ − B∗A|‖pp + ‖|B|2
+|B∗|2 + |AB∗ − A∗B|‖pp.
Here the inequality (4.2) follows from Lemma 2.2.
Suppose that the equality holds in (a). It follows that equality holds in (4.1) and
in (4.2). The equality in (4.1) together with Lemma 4.2 imply that the operators A
and B are normal and
AB∗ = −A∗B. (4.3)
On the other hand equality in (4.2) together with Lemma 4.3 imply that
AB∗ = A∗B. (4.4)
Thus, from (4.3) and (4.4), we have AB∗ = A∗B = 0, that is A and B have orthog-
onal ranges, and A∗ and B∗ have orthogonal ranges.
The converse is trivial, and the proof is complete. 
In the rest of this section we investigate equality conditions in (1.2) for the Sch-
atten p-norm, 1  p < ∞. In order to achieve our goal we first need to investigate
equality conditions in the inequality
‖A + B‖pp  ‖A + |B1/2A1/2|‖pp + ‖B + |A1/2B1/2|‖pp.
Theorem 4.2. Let A and B be positive operators and let 1  p < ∞. Then
‖A + B‖pp = ‖A + |B1/2A1/2|‖pp + ‖B + |A1/2B1/2|‖pp if and only if A and B have
orthogonal ranges.
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Proof. It follows, from Lemma 2.3, that[
A A1/2B1/2
B1/2A1/2 B
]

[
A + |B1/2A1/2| 0
0 B + |A1/2B1/2|
]
. (4.5)
Since[
A + B 0
0 0
]
=
[
A1/2 B1/2
0 0
] [
A1/2 0
B1/2 0
]
,
we have
‖A + B‖p =
∥∥∥∥[A1/2 0B1/2 0
] [
A1/2 B1/2
0 0
]∥∥∥∥
p
=
∥∥∥∥[ A A1/2B1/2B1/2A1/2 B
]∥∥∥∥
p
. (4.6)
Now, by (4.5), (4.6) and Lemma 4.3 we have ‖A + B‖pp = ‖A + |B1/2A1/2|‖pp +
‖B + |A1/2B1/2|‖pp if and only if equality holds in (4.5). So ‖A + B‖pp =
‖A + |B1/2A1/2|‖pp + ‖B + |A1/2B1/2|‖pp if and only if A and B have orthogonal
ranges. 
Corollary 4.1. Let A and B be positive operators and let 1  p < ∞. Then
‖A + B‖p = (‖A‖pp + ‖B‖pp)1/p + 21/p‖A1/2B1/2‖p if and only if A and B have
orthogonal ranges.
Proof. Suppose that
‖A + B‖p = (‖A‖pp + ‖B‖pp)1/p + 21/p‖A1/2B1/2‖p. (4.7)
It follows, from Corollary 2.2, that
‖A + B‖pp  ‖A + |B1/2A1/2|‖pp + ‖B + |A1/2B1/2|‖pp. (4.8)
On the other hand
‖A + |B1/2A1/2|‖pp + ‖B + |A1/2B1/2|‖pp
=
∥∥∥∥[A + |B1/2A1/2| 00 B + |A1/2B1/2|
]∥∥∥∥p
p
=
∥∥∥∥[A 00 B
]
+
[|B1/2A1/2| 0
0 |A1/2B1/2|
]∥∥∥∥p
p

(∥∥∥∥[A 00 B
]∥∥∥∥
p
+
∥∥∥∥[|B1/2A1/2| 00 |A1/2B1/2|
]∥∥∥∥
p
)p
=
((‖A‖pp + ‖B‖pp)1/p + 21/p‖A1/2B1/2‖p)p (4.9)
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It follows, from (4.7)–(4.9), that
‖A + B‖pp = ‖A + |B1/2A1/2|‖pp + ‖B + |A1/2B1/2|‖pp.
Consequently, by Theorem 4.2, the operators A and B have orthogonal ranges.
Conversely, ifA andB have orthogonal ranges, thenAB = 0 and soA1/2B1/2 = 0.
SubstitutingA1/2B1/2 = 0 in the inequality (1.2), when the inequality is applied for the
Schatten p-norm, we have
‖A + B‖pp  ‖A‖pp + ‖B‖pp. (4.10)
But, by Lemma 3.3, we have ‖A‖pp + ‖B‖pp  ‖A + B‖pp. Thus, equality holds in
the inequality (4.10). 
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